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Problem 2

If the pendulum is tilted from the equilibrium position by a small angle φ three, not balanced, forces
will act upon it: the gravitational force, and the forces acting from the contracted or elongated springs.
The total torque on the pendulum is therefore:
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where the first term is the torque from the gravity, the second is the torque from the spring that is at
distance L/2 from the center of rotation and the thirst term is the torque from the spring that is at
distance 3L/4 from the center of rotation. The second newtons law of motion reads:

d
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where M is the angular momentum of the pendulum. In presented case M = mL2φ̇, where φ̇ = dφ/dt.
Finally the equation of motion is give as:
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For small oscillations around the equilibrium position (φ = 0) the sinφ ≈ φ, and the equation of motion
can be simplified to:
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Finally the period of small osculations is:
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Problem 3

In the linear AC circuits the relation between amplitude of the current J and the amplitude of the
voltage U drop on the electric elements is given by the relation U = |Z|J , where the Z is the complex
impedance of the circuit. For a resistor with resistance R the impedance is given as: ZR = R, for an
inductor with inductance L the impedance is given as: ZL = iωL, and for a capacitor with capacitance C
the impedance is given as: ZL = 1/(iωC). Here ω denotes the angular frequency of the applied voltage
U(t) = U cos(ωt). In the presented case the total impedance of the circuit is found to be:
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what simplifies to:
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this summarised the first part of the task. The magnitude of the impedance |Z| =

√
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|Z| =
√

4R2 +
1

C2ω2
− 2LR2 + 3CR2

CR2 + CL2ω2
(1)

With a constant value of the U , the J will be the largest when |Z| is the smallest. First lets check the
value of (1) at the edges of interval, namely ω = 0 and ω → ∞. If ω is large the second and the third
term of (1) are small therefore the first term becomes dominant. In other words:

lim
ω→∞

|Z(ω)| = 2R

This is intuitive as in the presented case for large frequencies the impedance of the capacitor drops to
zero and the impedance of the inductor rises to infinity. With similar arguments one can see that:

lim
ω→0
|Z(ω)| = inf

Out of the two cases, current amplitude J will be largest for ω → inf and equal to Jmax = U/(2R).
Now we can proceed to the discussion of possible function minima in the interval of ω ∈ (0,∞). For

simplicity, since square root is monotonic and increasing function, the value under the square root in the
expression for |Z| will be optimised. Function |Z|2 is minimal when its derivative with respect to ω is
zero:
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which simplifies to a quadratic equation with respect to ω2:
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Study of the solutions to the equation is began with calculating its discriminant:

∆ = 4CL2R6
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since all values: L, R, C are positive the the discriminant positive and there are two solutions to the (2)
equation.

Two roots to the equation (2) out of which one corresponds to the minimum and one to the maximum
of the function (1) are given by:
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Above solutions are valid candidates for a minimum if they are positive (only real values of ω are
considered). First solution (ω1) is always negative and can be discarded at this point. Second solution
(ω2) is positive only if: √
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since both sides of equation are positive one can square them and simplify the condition to:
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which states that the ω2
2 is positive if and only if

(
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)
> 0. It is left to determine if a minimum

at ω2 is a global minimum. The minimum of the function could possibly be taken on the edges of the
interval. Those case have already been discussed above. The value of the minimum at ω = ω2 has to be
compared with the value 2R in order to determine which is lower:
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which can be simplified to condition:
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which for positive values of R, L, C is always true.
Summarising, the value of ω at which the current flowing through the circuit is maximal is achieved

when the absolute value of the impedance of the circuit is minimal. The value of omega was found to
be:
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and the value of maximal current in the system is equal to:
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